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In [4] we introduced the notion of a dualizing R-variety, for a 
commutative artin ring R, as a generalization of an artin R-algebra. 
For a dualizing R-variety D = mod C, we denoted the associated 
category D modulo projectives by D,‘P and modulo injectives by D/E 
(see [4]). We denoted mod(D P) by &D, (for the definition of 
mod(D,f'), see PI) g ave a characterization of dualizing R-varieties 
D = mod C with global dimension (gl.dim.) mod D < 2, and showed 
that if D = mod C is stably equivalent to an hereditary dualizing 
R-variety, then gl.dim.mod D < 2. 
Our main object in this paper is to show that a dualizing R-variety 
D = mod C is stably equivalent to an hereditary dualizing R-variety 
if and only if it satisfies the following three conditions which we refer 
to as conditions (i), (ii) and (iii): 
(i) Each indecomposable torsionless object in D is projective or 
simple. 
(ii) Each torsionless nonprojective simple object in D is a factor 
object of an injective object in D. 
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(iii) Let T denote the full subcategory of D/E generated additively 
by the T in D/E with the property that T is torsionless in D. 
Then T is a dualizing R-variety. 
For artin algebras, (iii) is a consequence of (i). However, we give 
examples to show that (iii) does not hold in general for a dualizing 
R-variety, nor is it a consequence of (i) and (ii). 
We shall need a discussion of I-Gorenstein dualizing R-varieties with 
properties (i), (ii) and (iii). Actually, we first classify the 1-Gorenstein 
dualizing R-varieties with property (i). Analogous to our classification of 
hereditary dualizing R-varieties (see [5]), we do this in terms of totally 
ordered sets, and this is the content of the first section of the paper. 
The notation and terminology will be as in [4]. All R-varieties will 
be finite R-varieties. 
1. STRUCTURE OF I-GORENSTEIN DUALIZING R-VARIETIES 
WITH PROPERTY (i) 
The main object of this paper is to show that a dualizing R-variety 
mod C is stably equivalent to an hereditary dualizing R-variety if and 
only if mod C has the properties (i), (ii) and (iii) stated in the introduction. 
This section is devoted to characterizing the 1-Gorenstein dualizing 
R-varieties with property (i), i.e., with the property that each inde- 
composable torsionless object is simple or projective. These dualizing 
R-varieties will also turn out to have property (ii). Since, as we shall see 
later, (iii) is a consequence of (i) for artin algebras, the class of dualizing 
R-varieties we describe will contain the I-Gorenstein artin algebras 
stably equivalent to hereditary algebras. 
Our description will be in terms of collections of ordered sets, and 
is an analog and a generalization of the characterization of I-Gorenstein 
hereditary dualizing R-varieties we gave in [5]. Hence we shall omit some 
details in our treatment here. 
We start with the following useful lemma, already proved in [5] for 
the hereditary 1 -Gorenstein case. 
LEMMA 1.1. Let mod C be a dualizing R-variety with property (i), i.e., 
such that each &decomposable torsionless object is projective or simple. Let 
( , C) be an indecomposable projective object and S a simple subobject of 
( , C) such that E(S), the injective envelope of S, is projective. Then there 
is a monomorphism ( , C) --+ E(S). In particular, E( , C) is projective and 
indecomposable. 
607lr7/2-3 
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Proof. Consider the diagram 
s f, ( , c>, 
4 
E(S) 
where i and f are monomorphisms, and let h: ( , C) -+ E(S) be such that 
the diagram commutes. The Im h is indecomposable since it is a sub- 
object of an indecomposable injective object. If Im h = S, S would be a 
summand of ( , C), hence isomorphic to ( , C), since ( , C) is inde- 
composable, and we would be done. If Im h # S, Im h is indecomposable 
torsionless and not simple, hence by assumption projective. Since ( , C) 
is indecomposable, we can conclude that h is a monomorphism, and we 
are done. 
In [6] we give examples of artin algebras which have property (i), but 
not (ii) (recall that property (ii) states that each torsionless nonprojective 
simple object is the factor of some injective object). However, for 
I-Gorenstein dualizing R-varieties mod C, (ii) is a consequence of (i) 
as we now show. 
PROPOSITION 1.2. Let mod C be a I-Gorenstein dualizing R-variety 
with property (i). If S is a simple torsionless nonprojective object, the 
projective cover of S is injective, hence mod C has property (ii). 
Proof. Let S be a simple torsionless nonprojective object and P its 
projective cover. Assume that P is not injective, and consider E(P), 
the injective envelope of P. Since mod C is I-Gorenstein, E(P) is 
projective, and by Lemma 1.1, also indecomposable. Consider the 
inclusion S = PjrP + E(P)/rP, where rP is the unique maximal 
subobject of P. Then E(P)/rP is indecomposable, since it is a factor 
object of an indecomposable projective object. Because S is torsionless 
and mod C is I-Gorenstein, E(S) is projective. Hence by Lemma 1.1 
we have a monomorphism E(P)/ P r --f E(S) which shows that E(P)/rP 
is torsionless as well as indecomposable. By our assumption, P f E(P), 
so E(P)/rP is not simple. Hence property (i) implies that E(P)/rP is 
projective. But this is a contradiction, since E(P) is an indecomposable 
projective object and rP # 0. We can now conclude that the projective 
cover P of S is injective, and we are done. 
COROLLARY 1.3. Let mod C be a 1-Gorenstein dualizing R-variety 
with property (i). If f: P+Q is a nonxero map between indecomposable 
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projective objects P and Q such that P is not injective, then f is a mono- 
morphism. 
Proof. By Proposition I .2, Im f can not be simple, and since Im f 
is torsionless and indecomposable, Im f must then be projective. Hence 
f must be a monomorphism since P is indecomposable. 
For an hereditary R-variety mod C we showed that mod C’ is also 
hereditary for each full subcategory C’ of C. We get an analog for our 
mod C. But we shall first need the following lemma which shows that 
to establish property (i) it is enough to show that indecomposable 
subobjects of indecomposable projective objects are simple or projective. 
LEMMA 1.4. Let mod C be a dualizing R-variety and P, ,..., P, 
indecomposable projective objects in mod C. If the indecomposable sub- 
objects of each Pi are projective or simple, then each indecomposable sub- 
object of P = PI IJ 0.. u P, is also projective or simple. 
Proof. Let M be an indecomposable subobject of P, and consider the 
projection maps pi: P-S Pi. If p,(M) C sot Pi for i = I,..., n then 
MC sot P. Since M is indecomposable, M would then be simple. 
Assume that pi(M) Ct sot Pi for some i, and let N be an indecomposable 
summand of p,(M) which is not simple. Since N is an indecomposable 
nonsimple subobject of Pi , N must be projective by our assumption. 
Since M was indecomposable, the natural induced map from M to N 
must be an isomorphism, and this finishes the proof of the lemma. 
PROPOSITION 1.5. Let mod C be a I-Gorenstein dualizing R-variety, 
and C’ a full subcategory of C such that mod C’ is a dualizing R-variety. 
If mod C has property (i), then so does mod C’. 
Proof. Let mod C be a I-Gorenstein dualizing R-variety, 
and C’ a full subcategory of C. Consider the natural right exact 
embedding C &: mod C’ -+ mod C, determined by C &, C’( , C) = 
C( , C) for C in C’ (see [2]). Let M be an indecomposable object in 
mod C’ which is a subobject of an indecomposable projective object, but 
is not projective, i.e., M = Im f, where C, and C, are in C’ and 
f:C'( > Cl)-+C'( ,C,) is an indecomposable map which is not a mono- 
morphism and C’( , C,) is indecomposable. Then C @c, f: C( , C,) - 
C( , C,) is also an indecomposable map which is not a monomorphism. 
Since E,( , C,) is indecomposable by Lemma 1 .l, Im(C &, f) is 
indecomposable. Since C Qc, f is indecomposable and not a mono- 
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morphism, Im(C @c,f) is not projective. As we have assumed that 
mod C has property (i), Im(C @c,f) must then be simple. 
Assume now that Imf is not simple in mod C’. Let then S be a proper 
subobject of Imf, and let h: C’( , C,) + S be a projective cover. Then 
we can find a map g: C’( , C,) -+ C’( , C,) such that 
9’ \ 
C’( ,Cl). f ' cc t G) 
commutes. Clearly g is not an isomorphism. This gives rise to the 
following commutative diagram 
cc , Cd 
COCT / yw 
J ‘Y 
cc 2 Cl) C@c*f l cc 9 Cd 
Since C &g is not an isomorphism, and C( , C,) is indecomposable, 
Im(C @c, h) is a nonzero proper subobject of Im(C @c,f). This 
contradicts the fact that Im(C @c,f) is simple. Hence we conclude 
that Imfis simple, which finishes the proof that mod C’ has property (i). 
In [5] we showed that for an hereditary R-variety mod C, E 1 C’ 
(restriction) is injective if E is injective in mod C. In our more general 
case we can say less, but we can still conclude something similar, which 
is all we need for our present purposes. 
PROPOSITION 1.6. Let mod C be a I-Gorenstein dualizing R-variety. 
Let C, ,..., C, be a finite number of indecomposable objects in C, such that 
soc( , C,) is the same simple object for all i. Let C, be such that ( , C,) = 
E( , C,) for all i. Then there is a finitely generated subvariety C’ of C 
with C, ,..., C, in C’ and such that C’( , C,) is injective in mod C’. 
Proof. Consider the natural duality D: mod C -+ mod Cop (see [4,5]), 
and write D( , C,) = (Ci’, ). Choose C’ to contain Cr‘, C, ,..., C, as 
summands, and let C’ = mod V(C’), where V(C’) as usual denotes the 
full subcategory of C whose objects are summands of finite sums of 
copies of C’. We want to show that C’( , C,) is injective in mod C’, 
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which is equivalent to showing that D(C’( , C,)) is projective in 
mod C’OP. We have D(C’( , C,)) = D(C( , C,) 1 C’ = D((C,‘, )) 1 C’ = 
C’(C,‘, ), since C,’ is in C’. Since C(C,‘, ) is projective in mod COP, we 
are done. 
We shall need the following consequence of Proposition 1.6. 
COROLLARY 1.7. Let mod C be a I-Gorenstein dualizing R-variety 
with property (i). Let ( , C,) ,..., ( , C,) b e indecomposable projective objects 
in mod C, having the same simple socle S. 
(a) Then there is a total ordering of the above C, such that C, 
precedes Cj rf and only zf there is a monomorphism from ( , CJ 
to ( , Cj). 
(b) Further, if each ( , Ci) which is injective has (( , C,), 5’) = 0, 
then for each i the natural ring morphisms End( , CJ --t 
End soc( , CJ give isomorphisms End( , CJ g K where K is 
the R-division algebra End(S). Moreover, zf C, < Cj , then 
Hom(( , CJ, ( , Cj>) is a one-dimensional K-module on both 
sides. 
Proof. (a) Choose C, and C’ as in Proposition 1.6. Consider the 
natural right exact embedding C Be,: mod C’ -+ mod C. The mod C’ is 
then a full subcategory of mod C, so we have monomorphisms C’( , CJ -+ 
C’( , C,). Since C’ is a finitely generated subvariety of C, mod C’ is 
equivalent to mod A, for an artin algebra A. Let LL(M) denote the 
Loewy length of M for a A-module M, i.e., the smallest power i such that 
riM is zero. Since by Proposition 1.5 mod A has property (i), and 
C’( , C,) is indecomposable injective, all the rC’( , C,) are indecom- 
posable projective for i > n - 1. Hence all the rC’( , C,),V+C’( , C,) 
are simple, which implies that C’( , C,) h as a unique composition series. 
Hence the (indecomposable) projective subobjects of C’( , C,) are totally 
ordered by the ordering we consider, which finishes the proof of (a). 
(b) Letf: ( , G> - ( , Ci> b e an arbitrary nonzero morphism. It then 
follows from Corollary 1.3 that f is a monomorphism since we are 
assuming that Im f is not simple in the case ( , Ci) is injective. Hence 
f is also a monomorphism when considered in mod A, and is therefore an 
isomorphism by length argument. The remainder of the corollary follows 
from arguments similar to those used in the hereditary case in [4]. In 
particular, we make use of the natural isomorphism of rings cuf: End(Q) - 
End(P) associated with each monomorphism f: P -+ Q between inde- 
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composable projectives provided Q is not injective. We recall that af 








In analogy with the hereditary case [5] we shall now describe 
I-Gorenstein dualizing R-varieties mod C with property (i), in terms of 
ordered sets. We shall classify the indecomposable I-Gorenstein 
dualizing R-varieties with (i). This suffices to classify them all as the 
following remark shows. Each 1 -Gorenstein dualizing R-variety mod C 
with property (i) is equivalent to a category of the form zi mod Ci , 
where each mod Ci is an indecomposable l-Gorenstein dualizing 
R-variety with property (i), and rri mod Ci denotes as in [5], the full 
subcategory of the product Hi mod Ci whose objects have only a 
finite number of the components different from zero. This can be seen 
by first observing that C is equivalent to a direct sum ui Ci of full 
indecomposable subcategories Ci of C, (as defined in [5]). For we know 
that C is a Krull-Schmidt category [4], so that each object in C is the 
direct sum of indecomposable objects. We divide the indecomposable 
objects in C into equivalence classes, where A and B are in the same class 
if and only if there is a finite chain A = C, ,..., C, = B, such that there 
is a nonzero map from Ci to C,+i or from C,+r to Ci , for i = I,..., n - 1. 
For each such equivalence class we consider the additive category Ci 
generated by the indecomposable objects in the equivalence class. 
Clearly mod C = njeI mod Ci . It is also easily shown that mod C is 
I-Gorenstein with property (i) if and only if each mod Ci has these 
properties. 
We now associate a collection of totally ordered sets with an inde- 
composable 1-Gorenstein dualizing R-variety mod C. For an inde- 
composable object C in C (or an indecomposable projective object 
P = ( , C) in mod C), let {C> or {P> denote its isomorphism class, and 
Fls 9 where S is torsionless simple in mod C the partially ordered set 
whose elements are the {C} with soc( , C) = S, and where {C,} < {C,) 
if and only if there is a monomorphism ( , C,) 4 ( , C,). Let ( , {C)] 
denote the elements {C’} in [Cl, with CC’> < {C>, and [(Cl, ) the elements 
(C’] with (C} < {C’}. Let E(S) d enote the injective envelope of S. Then 
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[Cls = ( Y wm* H ence, given C, we get a partially ordered set [Cl, 
for each torsionless simple object S in mod C. We write this as [C] = 
Cisl ( 3 {E(Si>>I, w h ere Si runs through a system of representatives for 
the isomorphism classes of all torsionless simple objects in mod C. By 
Corollary 1.7 each ( , (E(S,))] is totally ordered. 
The index set I associated with [C] by the representation [C] = 
Ciel ( > {E(Si)II h as in a natural way a structure of a graph. We know 
that for each torsionless simple object Si either Si is projective or there is 
a nonzero map E(Sj) -+ Si for some j in I. In the last event we say that j 
precedes i. Further, if there is a nonzero map from E(S,) to a torsionless 
simple object S,< , we say that k succeeds i. If no Si is projective and no 
E(S,) has a nonzero map to a nontorsionless simple object, I becomes, 
using that mod C is indecomposable, in a natural way an ordered cycle, 
which necessarily must be finite. Otherwise, again using that mod C is 
indecomposable, I becomes a totally ordered set in a natural way, with 
the property that given i and j in 1, there is only a finite number of 
elements between them. When we write Jj&, ( , {E(S,)}], we shall think 
of I as having the above graph structure. 
We also point out that we have a unique division R-algebra K with 
End(P) g K for all indecomposable projective objects P in mod C, 
except for the case where P is injective and we have a nonzero map from 
P to sot P. 
To see this we first observe that this exceptional case occurs if and 
only if I is a cycle with one element. Let then P denote the inde- 
composable projective injective object with a nonzero map to sot P. 
Since any nonzero map f: P -+ P is either an isomorphism or 
Imf = sot P, it is easy to see that End(P) = A, has the property that 
AK/r g K, where r denotes the radical of A,, and r s K as a two-sided 
K-module. 
We have seen in Corollary 1.7 that if K = End(S) for S torsionless 
simple, then End(P) E K if sot P = S (except for the case when P is 
injective and there is a nonzero map from P to sot P). Ifj precedes i, we 
have by definition a nonzero map from E(S,) to Si . It is then easy to see 
that End(&) g End(SJ, and also that End(S) G K for all torsionless 
simple objects S in mod C. 
As was the case for an hereditary 1-Gorenstein dualizing R-variety 
mod C, we can find a coordinate system for each [S, ), where [S, ) 
denotes the indecomposable projective objects P with sot P = S, 
together with S itself, even if S is not projective. For such indecom- 
posable objects P, Q, where there is a nonzero map from P to Q, choose a 
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map fpso: P-Q, in such a way that fp,p = 1, and fo,o~fp,o = fp,oI . 
We can then extend the coordinate system to all indecomposable pro- 
jectives and simple torsionless objects, by choosing a map fE,p when 
soc E # sot P, and there is a nonzero map from E to P. We have seen 
that this can only occur when E is injective, and then for given E, only 
for a fixed S being sot P. This can be done by choosing any nonzero 
map from E to S, and then using composition maps with the maps we 
have already chosen. As in the hereditary case one can then get natural 
isomorphisms between End(Q) and End(P), making Hom(P, Q) a 
two-sided K-module, one-dimensional on each side except when P is 
injective, P = Q, and there is a nonzero map from P to sot P. 
Before investigating further conditions that the totally ordered sets 
( , {E(S))] satisfy when mod C is an indecomposable I-Gorenstein 
dualizing R-variety with property (i), we show how to construct an 
important R-variety starting with a collection of totally ordered sets and 
a division R-algebra K and an algebra A, as above. 
Let {T& be a collection of totally ordered sets, where each Ti has 
a last element, and I is a graph which either has the structure of a totally 
ordered set where for any two elements there is only a finite number of 
elements between them or I is a finite ordered cycle in the sense we 
considered before. Let K be a division R-algebra and when I is a cycle 
with one element, let A, be an R-algebra with A,ir G K and r g K 
as a two-sided K-module. We then define a preadditive R-category 
(T, K, AK) = CiEI (Ti , K, AK) the following way; where we define 
A, to be zero if I is not a cycle with one element. We shall often leave out 
A, if it is clear from the context that I is not a cycle with one element. 
(1) Assume that I is not a cycle with one element. The objects of 
(T, K) are the elements C of Ti for i E I. If C, , C, are in the 
same Ti and C, < C, , we defme Hom(C, , C,) = K. If C, is 
the last element in some Ti , and i precedes j, we define 
Hom(C, , C,) = K for all C, in Ti . These are the only nonzero 
maps between objects in the Ti . Composition is given by 
multiplication in K, for the cases where all three Horn groups 
involved are K. Otherwise it is zero. 
(2) I is a cycle with one element. We want to define the preadditive 
R-category (T, K, A,), w h ere T in this case is a totally ordered 
set. A, is an R-algebra with AK/r E K, such that r G K as a 
two-sided K-module. For example, A, = K x K, the trivial 
extension of K by the two-sided K-module K. Here the 
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elements are pairs (x, y), with X, y E K, addition is component- 
wise and multiplication is given by 
(x, y)(x’, Y’) = (xx’, XY’ + yx’). 
Define as before Hom(C, , C,) = K if C, < C, and C, is not the last 
element. In this exceptional case, define Hom(C, , C,) = A,. Define 
composition as before, except when the last element C, is involved. If 
A, occurs together with A K , composition is ring multiplication, If AK 
occurs together with K, we identify K with r via a fixed isomorphism, 
and use ring multiplication. For Hom(C, , C,) x Hom(C, , C,) -+ 
Hom(C, , C,), where C, and C, are different from C, , we define the 
composition to be zero. 
We let C denote the additive category generated by the preadditive 
category (T, K, Ag). It is easily seen that C is a finite, indecomposable 
R-variety. We now show that mod C has property (i), and that for each 
finitely generated subvariety C’ of C, mod C’ is I-Gorenstein. To be 
able to conclude that mod C is dualizing and I-Gorenstein, we shall need 
some additional assumptions on (T, K, AK). 
PROPOSITION 1.8. Let (T, K, A,) = (& Ti , K, AK) be the pre- 
additive category as dejned above, with the assumptions on I, Ti , K and 
A, as stated above. Let C be the additive R-category generated by (T, K, AK). 
Then mod C is an indecomposable finite R-variety having property (i), and 
such that for each finitely generated subcategory C’ of C, mod C’ is 
I-Gorenstein. 
Proof. Let ( , C) b e an indecomposable projective object in mod C, 
where C E Ti . Amongst the indecomposable projective objects with 
monomorphisms into ( , C) are the ( , C’) where C’ E Ti and C’ < C. 
Since Ti is totally ordered, the images of sums of such ( , C’) are all 
indecomposable projective. The only other possibility for an inde- 
composable projective object ( , C’) to have a nonzero map to ( , C) is 
that C’ is the last element of Ti for j preceeding i. It is then not hard 
to see, using how the morphisms are defined in (T, K, AK) that for a 
nonzero map f: ( , C’) + ( , C), Im f must be simple if Im f is not 
projective. We can now conclude that mod C has property (i). By our 
proof it also follows that each indecomposable projective object has a 
simple socle. 
Now let C’ be a finitely generated subcategory of C, which we may 
assume without loss of generality to be indecomposable. C’ is then 
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determined by a finite subcollection {Ti’}j,J of the given Ti , where the 
subgraph J of I is a finite totally ordered set or a finite ordered cycle. 
Since (T’, K, AK) and (T’OP, K, A K) satisfy the conditions of Proposition 
1.8, each indecomposable projective object in mod C’ has a simple 
socle, and for each indecomposable injective object E in mod C’, E,lrE is 
simple. Now let ( , C) be an indecomposable projective object in mod C’ 
and E = E( , C) the injective envelope. By the above, E/rE is simple, so 
that the projective coverf: ( , C’) + E of E is indecomposable. We want 
to show that f is monomorphism, which will imply that E is projective. 
Let S = soc( , C) = sot E. If S is projective, f is clearly a mono- 
morphism. Otherwise the projective cover of S is ( , C,), where C, is 
the last element in Ti for j preceding i, where i is the element of I such 
that C is in Ti . We then get a nonzero map g from ( , C,) to ( , C’). 
Since Img must be S, we conclude that f is a monomorphism. This 
finishes the proof that mod C’ is I-Gorenstein. 
We are now ready to give necessary and sufficient conditions on 
(CTi , K, A,) for the additive category C that it generates to have the 
property that mod C is a 1-Gorenstein dualizing R-variety with property 
N* 
THEOREM 1.9. Let (C,,, Ti , K, AK) be defined as before, with the same 
assumptions on I, K, A, and the Ti , and let C denote the associated additive 
category. Let D denote the usual duality from mod C to mod COP (and also 
from mod COP to mod C). 
(a) If C in Ti is the last element in Ti , then D( , C) is finitely 
presented. Otherwise, D( , C) is finitely presented if and only if C 
has a succeeding element in Ti . 
(b) If C in Ti is the$rst element in Ti , or ;f C is the last element in 
some Ti , where i has a succeeding element in I, then D(C, ) is 
Jinitely presented. Otherwise, D(C, ) is finitely presented if 
and only if C has preceding element in Ti . 
(c) mod C is a I-Gorenstein dualizing R-variety with property (i) 
if and only af the following conditions are satis$ed for all i in I. 
(i) Each C in Ti , except the last element, has a succeeding 
element in Ti . 
(ii) Each C in Ti has a preceding element except if C is the first 
element in Ti or if C is the last element of Ti and i has a 
succeeding element in I. 
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Proof. The proof of (a) and (b) is quite similar to our discussion in 
[5], so we leave out the details. We just remark that if C is the last 
element in some Ti , then D( , C) = (C’, ), where C’ is the last element 
in Tj , ifj precedes i, or C’ is the first element in Ti , if noi precedes i. If 
C is the last element in some Ti , where i has a succeeding element j, 
then D(C, ) = ( , C”), where C” is the last element in Ti . 
To show (c), it is left to show that under the additional assumptions on 
(xi,, Ti , K, AI) which make mod C a dualizing R-variety, mod C is 
also I-Gorenstein. Let then ( , C) be an arbitrary projective object in 
mod C, and E( , C) its injective envelope. Let ( , C,) + ( , C,) + 
E( , C) + 0 be a minimal projective presentation for E( , C), and write 
D(E( , C) = (C, , ). Let C’ b e a finitely generated subvariety of C 
containing C, , C, , C, , and let i: mod C -+ mod C’ denote the natural 
restriction functor. Since Di(E( , C) = i(C,) = C’(C, , ), and is hence 
projective in mod C’OP, i(E( , C)) is injective in mod C’. But i is an exact 
functor, so i( , C) -+ iE( , C) is a monomorphism. Also iE( , C) is in- 
decomposable and injective since E( , C) is indecomposable and injective. 
Hence iE( , C)must be an injectiveenvelope for i ( , C), and thus projective, 
since we know that mod C’ is 1-Gorenstein. If 01: mod C’ -+ mod C 
denotes the natural right exact embedding, we know that since C, and 
C, are in C’, E( , C) = oliE( , C), and hence is projective in mod C. 
This finishes our proof. 
2. NECESSARY CONDITIONS 
In this section we want to give some necessary conditions for a dualizing 
R-variety D = mod C to be stably equivalent to an hereditary dualizing 
R-variety. In the next section we shall show that our conditions are also 
sufficient, so that we get a characterization of these dualizing R-varieties. 
We have seen in [5] that if a dualizing R-variety D = mod C is 
stably equivalent to an hereditary dualizing R-variety, then gl.dim. 
mod D < 2. In [4] we have given several statements equivalent to this 
last fact, one of which is that the following two conditions hold. 
(i) Each indecomposable torsionless object in D is simple or 
projective. 
(ii) If 5’ is torsionless simple, P projective and sot P C K C rP, 
then Hom(S, rP/K) = 0. 
We shall use this to prove the following. 
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THEOREM 2.1. 1fD = mod C is a dualizing R-variety stably equivalent 




each indecomposable torsionless object in D is simple or projective; 
if S is a simple torsionless nonprojective object in mod C, then 
S is the factor of some injective object in mod C. 
Let T denote the full subcategory of D/E, the category D modulo 
injectives (see [4]) h w ose objects are the T for T a torsionless 
object in D. Then T is a dualizing R-variety. 
Proof (i) holds by the above remarks. For (ii), let S be a torsionless 
nonprojective object, P its projective cover, and Q the projective cover 
of E(P), the injective envelope of Q. Consider the following commutative 
diagram 0 -f-l(P) - if, r f 
0-P - -WY 
Since P is projective, f’ splits, so that we have a monomorphism 
i: P -+ Q. If i(P) C rQ, we get Hom(S, rQ/K) # 0 for some K r> sot P. 
Hence we conclude that i(P) Q rQ, so that we have a nonzero map from 
PjrP = S to QlrQ, and (ii) follows. 
(iii) If D = mod C is an hereditary dualizing R-variety, then the full 
subcategory T as defined in the statement of the theorem is dualizing. 
For we have shown in [4] that C = Ci x Ca , where D, = mod C, is 
1-Gorenstein and D, = mod Ca has no projective injectives. This 
induces a corresponding decomposition ‘i? = T, x T, . T, is equivalent 
to c, , and hence dualizing. That T, is also dualizing follows from our 
description in [3] of hereditary I-Gorenstein dualizing R-varieties in 
terms of totally ordered sets. Further, we have seen in [2] that if 
D = mod C and D’ = mod C’ are stably equivalent, then we get 
induced an equivalence between T and ;i;‘. This shows that (iii) must 
hold. 
Before proceeding further, we make the following observation. 
Suppose D = mod A for some artin algebra A and D satisfies condition 
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(i), i.e., every indecomposable torsionless module is projective or simple. 
Then T, the category of torsionless A-modules, has an additive generator 
G which is the sum of the simple torsionless modules and the inde- 
composable projectives. Thus c is an additive generator for ?i?. Con- 
sequently mod T is equivalent to mod End(G)‘Jp and is thus a dualizing 
R-variety. Therefore we see that for D = mod A condition (i) implies 
(iii). 
However we shall see an example of a dualizing R-variety where (i) 
and (ii) hold, but not (iii). This will be clear once we have characterized 
the 1-Gorenstein dualizing R-varieties having properties (i), (ii) and (iii). 
We have seen in Section 1 that the indecomposable I-Gorenstein 
dualizing R-varieties mod C with property (i) are given by C being the 
additive category generated by the preadditive category (Ci~, Ti , K, AK) 
with the conditions on I, Ti , K and A, as stated before. We want to 
try to describe the additive category T in terms of ordered sets. To this 
end we recall that ( , C) is an indecomposable projective injective object 
in mod C if and only if C is the last element in some Ti , and that the 
simple torsionless object S = soc( , C), C in Ti , is not projective if 
and only if i has a preceding element in I. Motivated by this we let Ti’ 
denote the totally ordered set obtained from Ti by leaving out the last 
element, and adding a first element if i has a preceding element in I. 
It is then not hard to see that T is the additive category generated 
by (uier T,‘, K), as defined in [5], and we can-conclude from ([5], 
Proposition 4.1) that mod =I? is hereditary. For mod T to be also 1 -Goren- 
stein and dualizing, we know from [5] that it is necessary and sufficient 
that in addition each Ti’ has a first and a last element and each element 
except the first one has a preceding element, and each element except the 
last one has a succeeding element. Translated back to CiEI Ti , this 
means that in addition to the necessary and sufficient conditions for 
D = mod C to be a I-Gorenstein dualizing R-variety with property (i) 
(and (ii)), we get the condition that each Ti has a first element and that 
the last element also has always a preceding element. We summarize 
our discussion in the following theorem. 
THEOREM 2.2. An indecomposable I-Gorenstein dualizing R-variety 
mod C, where C is the additive category generated by (C,,, Ti , K, AK) has 
properties (i), (ii) and (iii) if and only if in Cier Ti , each totally ordered 
set Ti has a jirst and a last element, and each element except the last one 
has a succeeding element and each element except the Jirst one has a preceding 
element, and the condition on I is as before in Section 1. 
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We notice that the above discussion, combined with our discussion of 
hereditary dualizing R-varieties in [5], shows that the conditions (i), (ii) 
and (iii) are sufficient for a I-Gorenstein dualizing R-variety to be stably 
equivalent to an hereditary dualizing R-variety. We state this as follows. 
PROPOSITION 2.3. If D = mod C is a I -Gorenstein dualizing R-variety 
with the properties (i), (“) u and (iii), then D is stably equivalent to an 
hereditary dualizing R-variety. 
We are now in the position to show that even for I-Gorenstein 
dualizing R-varieties, (iii) is not a consequence of (i) and (ii). 
EXAMPLE 2.4. Let K be a field which is an R-algebra, T the totally 
ordered set T = { . . . . -n ,..., -2, -1, 01, and I a cycle of length one. 
Here T does not have a first element, so (iii) is not satisfied, but T satisfies 
the conditions for mod C to be a I-Gorenstein dualizing R-variety with 
(i) (and (ii)), where C is the add’t’ 1 ive category generated by (T, K, AK). 
After we have the necessity of our three conditions above, we will 
get as a consequence that gl.dim.mod(D) < 2 if and only if D is stably 
equivalent to an hereditary dualizing R-variety, if we consider only 
dualizing R-varieties D = mod C such that T is dualizing, which 
includes the important special case D = mod fl where fl is an artin 
algebra. However, the following example shows that the equivalence 
does not hold for dualizing R-varieties in general. 
EXAMPLE 2.5. Let T = { . . . . -n ,..., - 1, 0} be our totally ordered 
set and K a division R-algebra. We know that the associated I-Gorenstein 
dualizing R-variety D = mod C from Example 2.4 is not stably 
equivalent to an hereditary dualizing R-variety. We want to show that 
gl.dim.mod D < 2. By [4], and since we already know that D has 
property (i), it is sufficient to show that for an indecomposable projective 
object P in D, Hom(S, rP/L) = 0 for S simple torsionless and L 3 sot P. 
By Proposition 1.2 we know that the projective cover Q of S is injective. 
Assume some Hom(S, rP/L) is not zero. Then we get a nonzero map 
f: Q + rP -+ P, given by a nonzero map Q -+ S --+ rP/L. Since f is not 
a monomorphism and Im f is not simple, we get a contradiction. We can 
now conclude that gl.dim.mod D < 2. 
3. SUFFICIENT CONDITIONS 
In this section we shall show that the conditions (i), (ii) and (iii) from 
the previous sections are sufficient for a dualizing R-variety mod C 
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to be stably equivalent to an hereditary dualizing R-variety. We have 
already seen this for the special case that mod C is 1-Gorenstein. We 
follow closely the same method of proof as we did in [3] for the special 
case of artin algebras. We shall need a sequence of lemmas. We shall 
assume for them all that D = mod C is a dualizing R-variety with 
iii p-t;;Fes (i), (ii), ( ), even though not always all of the assumptions are 
LEMMA 3.1. Iff: P + S is an epimorphism from a projective object 
P in mod C to a simple torsionless nonprojective object S, then f factors 
through an injective object. 
Proof. Let f: P + S be as in the assumptions for the lemma. By 
assumption, there is an epimorphism g: E --f S, where E is injective. 
Since P is projective, we can find a map h: P + E such that the following 
diagram commutes. 
E 
This finishes the proof of the lemma. 
Let T denote the full subcategory of D = mod C whose objects are the 
torsionless objects, and let T be the corresponding subcategory of D/E, 
the category D modulo injectives. 
Let T, denote the full subcategory of ii;, whose objects are direct sums 
of objects M, where E(M) is projective in D, and T, the one whose 
objects are direct sums of objects L, where E(L) is not projective in D. 
In [4] we saw that C -+ Extl( , C) induces an equivalence of categories 
between D/E and the full subcategory I of injective objects in mod D. 
Since we also saw that for C in modE C, i.e., for C without injective 
summands, pd Extl( , C) < 1 if and only if C is torsionless, we get 
induced an equivalence between T and the full subcategory A of I, of 
injective objects of projective dimension at most one. Let A, be the full 
subcategory of projective injective objects in A, and A, the full sub- 
category of A, whose objects are direct sums of injective objects of 
projective dimension one. Since we know from [4] that Extl( , C) is 
projective if and only if E(C) is projective, for C in modE C, we also have 
an equivalence of the categories T, and A, and T, and A, . We want to 
show that A decomposes as A, x A, . 
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LEMMA 3.2. Let I, and I, be indecomposable injective objects in mod D 
such that pd I1 = 0, pd 1s = 1. Then Hom(1, , I,) = 0 = Hom(l, , IX). 
Proof. Since pd 1r = 0, Ii = ExP( , M), where M is an inde- 
composable object in mod C with E(M) projective. Since pd I, = 1, 
I2 = Ext’( , L), where L is an indecomposable object with E(L) not 
projective. We want to show that Hom(E, M) = 0 = Hom(M, L). 
Assume that f : L -tM is such thatJ:L + M is not zero. Since L 
is indecomposable, and every nonsimple indecomposable subobject of 
M is projective, either Im f is semisimple, or f is a monomo.rphism. 
If Im f was semisimple, f would factor through an injective object, 
so this would give f = 0. If f: L + M was a monomorphism, we would 
get a monomorphism E(L) + E(M). Hence E(L) would be a summand of 
E(M), which is a contradiction since E(M) is projective and E(L) not. 
Hence Hom(E, M) = 0. 
Assume now that f: M --+ L is such that f : M ---FL is not zero. As 
above, we conclude that f must be a monomorphism. Hence we have a 
monomorphism E(M) --t E(L). Let SCM be a simple object. By 
assumption, E(S) C E(M) is projective. By Lemma 1 .I, E(L) is projective, -- 
which is a contradiction. Hence Hom(M, L) = 0, and the proof of the 
lemma is complete. 
We can now conclude by Lemma 3.2 that A decomposes as A = 
A, x A,. 
LEMMA 3.3. Let ( , _C) b e an indecomposable prqjective object in mod D 
and 0 -+ ( , _C) + E,, -+ E, a minimal injective copresentation in mod D. 
Then either pd E, = pd E, = 0, or every indecomposable summand of E, 
and E, has projective dimension 1. 
Proof. Let ( , c) be an indecomposable projective object in mod D, 
where C is an indecomposable nonprojective object in D. Let P be the 
projective cover of C, and consider the exact sequence 0 + K + P -+ 
C -+ 0. Then we have seen in [4] that ( , &‘) has a minimal injective 
copresentation 
0 -+ ( , C) + Extl( , K) -+ Ext’( , P), 
and K and P are torsionless objects in D. We decompose Extl( , K) and 
Extl( , P), each into two parts, to get 
o + ( , C) + Extl( , MJ u Ext’( , L,) J% Extl( , MJ u Ext’( , L,), 
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where Extl( , MJ is in A, and Exti( , LJ in A, . By Lemma 3.2 
Hom(Extl( , M,), Extl( ,L,)) = 0 = Hom(Extl( ,&), Extr( , M,)). 
Hence g splits up as g = g, IJgz with g,: Extr( , 111,) --t Extl( , M,) and 
g,: Extr( , L) -+ Extr( , L,). It follows that ( , _C) = Ker g, u Ker g, , 
which implies that either Kerg, or Kerg, is ( , _C), since ( , _C) is inde- 
composable. Hence Extl( , MJ = 0 or Extl( ,LJ = 0, since the 
copresentation was supposed to be minimal. This proves the lemma. 
This lemma shows that the full subcategory P of projective objects 
in mod D decomposes as P = P, x P, , where P, has as objects the 
projective objects having minimal injective copresentations involving 
only projective injectives, and P, has as objects the projective objects 
whose minimal injective copresentation involves only indecomposable 
injective summands whose projective dimension is one. It is not hard 
to see that this decomposition of P induces a decomposition mod D = 
D, x Da, where the indecomposable objects in Di are the indecom- 
posable objects having minimal projective presentations involving only 
projectives from Pi . 
We want to find a candidate for an hereditary dualizing R-variety 
which is stably equivalent to D = mod C. We would like to find a 
construction which applied to an hereditary D gives D back again. For 
D hereditary it is natural to look at the full subcategory Q of D/E 
generated (additively) by the projective noninjective objects in D. 
mod Q will then be an hereditary dualizing R-variety, but in general 
not equivalent to D. But using our structure theory for hereditary 
dualizing R-varieties from [5], we know how to construct D = mod C 
from mod Q. If D = mod C is not necessarily hereditary, but satisfies 
(i), (ii) and (iii), th e analogous dualizing R-variety to look at is mod ??, 
in the same notation as before. 
PROPOSITION 3.4. With the notation and assumptions as above, 
mod T is an hereditary dualizing R-variety. 
Proof. Let F be an arbitrary object in mod T, and 
(,A) (%( ,B)-F-0 
a minimal projective resolution for F in mod T, where A and B are 
torsionless objects in mod C with no injective summands, and f : A --+ B 
a map which induces f : A -+ B. Since mod C has property (i), we can 
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write A = (JJQJ u (JJTj), w h ere the Qi are indecomposable projective 
objects and the Tj simple. Im(JJQJ is t orsionless, and using Lemma 3.1 
and the minimality of the resolution for F, we conclude that Im(JJQJ = 
LIplc 7 where the Pk are indecomposable projective. By the minimality 
we can again conclude that the map HQ, --+ JJPk must be an isomor- 
phism. Similarly we see that uTj -+ Im(JJTi) must be an isomorphism. 
Assume now that Im(QJ n Im(JJTi) is nonzero, hence a direct sum 
of simple objects uMi . Then Im((LI J&l LI (LI Qd) = LIP,. , and 
uMi + (0) would again contradict the minimality of the resolution. 
Hence J’J&!& = (0), and it follows that f: A + B is a monomorphism. 
To see that f : A --t B is also a monomorphism, consider g : X -+ A, 
where X is an indecomposable torsionless object, and g is not zero. 
Whether X is projective or simple, g: X + A must then be a mono- 
morphism. Hencegf : X + B is mono, which implies that gf : X + B is 
not zero. This finishes the proof that f : A+ i? is a monomorphism, 
which implies that pd F < 1. Since F was arbitrary, it follows that 
mod T is hereditary, and by our assumption (iii), mod T is also a dualizing 
R-variety. 
To an additive category B we associate the category comod B (see [ 11). 
We recall that if B is the full subcategory of the injective objects in an 
abelian category with enough injectives, then comod B is equivalent to 
the full subcategory of the abelian category whose objects are the objects 
with an injective copresentation involving only injectives from B. 
We have the following lemma. 
LEMMA 3.5. With the same notation as before, comod A is equivalent 
to mod T. And the injective objects in comod A coincide with the objects in 
comod A which are injective in mod D. 
Proof. We have an equivalence A -+ T, hence an equivalence 
comod A --+ comod T. The natural duality T + Ton induces a duality 
comod T + mod Top. Further, since T is a dualizing R-variety, we have 
a duality D: mod Top 4 mod T. Hence we can conclude that comod A 
and mod T are equivalent categories. The last statement of the lemma 
follows from the fact that the natural embedding comod A -+ mod D is 
left exact. 
LEMMA 3.6. The objects of comod A C mod D are either projective or 
injective in mod D, where A is the full additive subcategory of mod D 
generated by the injective objects of projective dimension at most one. 
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Proof. Let F be an indecomposable noninjective object in mod D, 
and let 0 -+ F + Extl( , A) & Extl( , B) be a minimal injective 
copresentation. Since F is not injective, g’ is not zero, and is induced by 
g: A + B in mod, C, and g: 2 -+ B in mod C/E. g is indecomposable 
since F is, and the injective copresentation is minimal. Consider the 
following resolution of G = Coker( , g) in mod T: ( , 2) -% ( , R) + 
G -+ 0. Since g is indecomposable, this must be a minimF\,projective 
presentation for G. Since gl.dim.mod T < 1, 0 + ( , A) 2 ( , B) is 
exact, and so also 0 -+ ?iA B. It is then easy to see that 0 + A -% B is 
exact. For if K = Ker g is nonzero, we have a nonzero map h: K -+ 2, 
with gh being zero. This would contradict the fact g is a monomorphism. 
Consider now the exact sequence 0 + A + B ---t C + 0 in mod C, 
where C = Coker g. If we can show that B is projective, we would have 
a minimal injective copresentation for ( , c) as follows: 0 -+ ( , &.) -+ 
Extl( , A) 5 Extl( , B). This would imply that F = ( , _C), hence that 
F is projective. 
We already know that B is torsionless, hence we need only show that 
B has no simple summands, as mod C has property (i). Assume to the 
contrary that B = B’ US, where S is a simple object in mod C. 
Consider g,‘: Extl( , A) + Extl( , B) u Exti( , S). The only way to 
have a nonzero map gi’: Extl( , A) -+ Extl( , S) would be to have an 
isomorphism of a summand of Extl( , A) with Extl( , 8). For an epimor- 
phism from an indecomposable projective object to S which is not an 
isomorphism factors through an injective object. Since the injective 
copresentation is minimal, we can then conclude that g,’ is zero. Hence B 
is projective, and we are done. 
We are now ready to finish the proof of the following main result of 
this paper. 
THEOREM 3.7. Let D = mod C be a dualizing R-variety. Then D is 
stably equivalent to an hereditary dualizing R-variety if and only z. D 
satisfies conditions (i), (ii) and (iii). 
Proof. We saw in Section 2 that the conditions (i), (ii) and (iii) are 
necessary for D to be stably equivalent to an hereditary dualizing 
R-variety. Assume then that D satisfies (i), (ii) and (iii). In the same 
notation as before, we have that comod A and mod ?i? are equivalent 
categories, hence that comod A, and mod T, , and comod Aa and 
mod T, are equivalent categories. By Lemma 3.6, comod Ai has as 
objects the projective objects of D, , and comod A, the projective objects 
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of&, and the injective objects all of whose summands have projective 
dimension one. It then follows that mo_d T, is equivalent to the category 
of projective objects in D, , and modE T, is equivalent to the category of 
projective objects in Da . From [5] we know that we can find an hereditary 
dualizing R-variety mod U, with mod&J equivalent to mod T, . We 
can now conclude that mod,U x mod,T, is equivalent to the full 
subcategory of projective objects in mod D = D, x Da , i.e., to D/P, 
and hence to D/E. Hence D = mod C is stably equivalent to the here- 
ditary dualizing R-variety mod U x mod T, that we constructed. 
We refer to [6] for a discussion of dualizing R-varieties with properties 
(i), (ii) and (iii) for th e case of artin algebras. We here just state the 
following consequence, which already provides us with a big class of 
examples of such dualizing R-varieties which are not hereditary. 
COROLLARY 3.8. A dualizing R-variety D = mod C with LL(D) < 2 
(see [4]) is stably equivalent to an hereditary dualizing R-variety. 
Proof. Assume LL(D) < 2. If F is an indecomposable subobject of an 
indecomposable projective object P and F # P, then F C rP and is 
hence simple, where r denotes the radical of F [4]. 
Let S be a simple torsionless nonprojective object, and P the projective 
cover for S, E(P) the injective envelope for P. Then rP = sot P = 
sot E(P) = rE(P), hence S = P,‘rP C E(P)/rE(P). This shows that S 
is a factor of an injective object. 
We shall discuss the cass LL(D) < 2 in more detail in another paper. 
We shall then give a different approach for proving Corollary 3.8, which 
will also enable us to weaken the condition that the R-variety mod C be 
dualizing. 
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